Traditional state estimation (SE) methods that are based on nonlinear minimization of the sum of localized measurement error functionals are known to suffer from nonconvergence and large residual errors. In this paper we propose an equivalent circuit formulation (ECF)-based SE approach that inherently considers the complete network topology and associated physical constraints. We analyze the mathematical differences between the two approaches and show that our approach produces a linear state-estimator that imposes additional topology-based constraints to shrink the feasible region of the estimator and promote convergence to a more physically meaningful solution. From a probabilistic viewpoint, we show that under independent Gaussian noise assumption, our method applies prior knowledge into the estimate, thus converging to a more physics-based estimate than traditional purely observation-driven methods such as the maximum likelihood estimator (MLE). Importantly, this incorporation of entire system topology and physics while being linear makes ECFbased SE advantageous for large-scale systems.
INTRODUCTION
State estimation (SE) is a central part of power system operation and security. To infer the operating point of the grid, it estimates the state of the system from various measurements within the supervisory control and data acquisition (SCADA) system installed within the network. The output solution of state estimator is critical, since it is fed into the real-time contingency analysis (RTCA) module as well as the real-time dispatch module. A non-functioning SE can result in failure of both of these processes.
Traditionally, the state variables for the SE have been voltage phasor magnitudes and angles at all buses. To estimate them correctly, the classical approach proposed by [1] formulates SE as a minimization of weighted least-squares (WLS) error of measurement noise. However, the intrinsic nature of WLS problem, the unavoidable noise corruption as well as the violation of the assumed noise distribution property, along with the increasing system scale and growing penetration of renewable & distributed energy sources, have caused problems with this traditional method.
The major limitation of the traditional SE method lies in the following aspects:
• Non-convergence problem. The WLS objective expresses each measurement by a function of state variables and calculates the mismatch. However, these mismatch equations in PQV formulation are highly non-linear due to the inclusion of trigonometric terms. Due to these nonlinearities, the minimization in the WLS becomes a nonconvex nonlinear problem and usual optimization procedures suffer from nonconvergence and numerical issues under variety of scenarios. • High residual problem. Due to nonconvexity of the optimization problem, traditional SE methods can result in convergence to local optima, or even worse, to a saddle point. Under both scenarios, the SE is likely to result in much higher residue than the optimal WLS residual that is given by:
where X denotes the state variable vector, Z denotes measurement vector. • True residual problem. Theoretically, what we really want from SE is a solution close to the true state variable values, which corresponds to minimization of a residual between estimation and truth:
By applying a WLS formulation, this desired estimation is approximated by a minimization of residual between estimation and measurement. However, this assumption does not hold in practice, especially when some measurements are corrupted by noise, missing completely or grossly inaccurate. With a WLS formulation, the resulting solution is forced to match the measurements to the largest extent but fails to sufficiently minimize the true residual we care about. We note that, depending on model complexity and noise statistics, other types of M-estimators [2] may be used to resolve this issue, which is a topic of general interest and partially addressed by the constrained ECF based formulation developed in this paper. In fact, the topological constraints effectively correspond to adding a regularization penalty in the residual minimization objective, thus promoting solutions that adhere to physical system constraints (see Section III-C).
There has been research to improve on the aforementioned limitations. Firstly, SEs with just PMUs have been developed that are in linear in complexity [3] . However, the penetration of PMUs compared to RTUs remains low. To deal with the phasor angle measurements and consider SE with both conventional meters and PMUs, some novel methods rely on a transformed use of angle meters [4] , a hybrid method consisting of two separate estimators [5] , and some linearly remodeled PMUs [6] . However, in estimators for combined measurements, the nonlinear nature of conventional measurements and the resulting convergence problems still exist. Similarly, to improve upon the true residual problem, more grid physics have been incorporated into the problem through modeling of zero injection nodes through pseudo measurements [7] . However, adding these additional terms with extremely high weights have resulted in matrix ill-conditioning causing non-convergence. Finally, the constrained Hachtel's optimization approach [8] is also proposed to solve the SE problem with zero-injection (ZI) nodes but has been found hard to solve due to the non-convexity of the optimization problem.
To tackle all the following limitations while ensuring robustness convergence of the algorithm, a circuit-theoretic approach to state-estimation has been proposed [9] [10] [15] . This approach establishes linear models for each branch and measurement device, reducing SE to a completely linear power flow problem. Importantly, this represents a physics-based estimator: it enforces the solution to satisfy the system physics; namely, balances the power flow of the entire network. The resulting physics-based solution would be expected to have lower true residual , which is preferable to the traditional objective of a lower MLE residual.
This paper presents comparisons between the traditional WLS method and the ECF-based SE approach. For the latter approach, we introduce a circuit-based model for the phasor measurement units (PMUs). Section 2 begins with a background overview of ECF formulation. Section 3 offers a theoretical comparison of the two methods in terms of measurement models, problem formulation and probabilistic illustration. Section 4 presents some experimental results. Finally, section 5 documents the conclusions. Table 1 shows the symbols used in this paper. 
II. BACKGROUND

A. Notation
B. Equivalent Circuit Formulation (ECF)
A circuit-theoretic formulation for power grid analysis was developed in [11] [12] . Instead of describing components with 'PQV' parameters, this framework models each component within the power grid as an electrical circuit element characterized by its I-V relationship. For computational analyticity, the complex relationships are split into real and imaginary sub-circuits whose nodes corresponds to power system buses [11] [12] . Table 2 shows a simple comparison between the traditional PQV formulation and ECF. Under this ECF framework, all branches, e.g. transmission lines, transformers, and shunts, are linear components, due to the intrinsic linearity of their I-V relationships through Ohm's law. Therefore, for each bus in the sub-circuits, the sum of branch and shunt current flowing out of the bus can be algebraically expressed as:
For some nonlinear components, such as generators and loads, their models can be linearized by applying Taylor expansion. Eventually, the KCL equations of these sub-circuits can be iteratively solved via Newton Raphson (NR) updates to produce the bus voltages solution.
More importantly, since ECF enables power system of any size to be efficiently simulated as an equivalent circuit, numerous convergence techniques that were developed for circuit simulation (e.g. SPICE [13] ) can be applied.
III. METHODS AND COMPARISONS
A. Models: Linear Models to improve convergence
Compared with the traditional SE, which nonlinearly represents the relationship between each measurement and state variables, the ECF-based method develops different linear models for each individual component and replaces any measurement in the circuit through these models using the circuit Substitution Theorem. These models combine to form the entire system, and can be added, removed or replaced to represent any changes within the grid.
In the following subsection we derive a new linear PMU model to overcome some of the challenges of the existing PMU model in ECF formulation [9] . We also briefly discuss the linear RTU model from [10] and demonstrate their advantages in improving convergence.
1) Phasor Measurement Units (PMU): As a synchronized measurement device, a PMU can provide real-time meter readings of voltage and injection current phasors in rectangular coordinates: , , , .
Work in [9] , [15] (see Figure 1) proposed an ECF-based linear PMU model by representing the phasor measurements as independent voltage and current sources, respectively. To utilize both voltage and current measurements, the model introduces an additional conductance , such that any current flowing through it indicates some mismatch between measured data and system states. The parameter then determined whether the voltage or current measurements are more heavily weighted. If the chosen value of was close to zero, then current measurements are completely neglected. Similarly, if the parameter was very large then the voltage measurements are neglected. However, the real purpose of weights is to give more importance to one PMU reading over another PMU reading and this is not captured by the model presented in [9] , [15] . To overcome, challenges of this model we develop a new model. Figure 1 . PMU model proposed in [8] By substitution theorem, we can safely develop a new PMU model (shown in Figure 2 ) that overcomes challenges faced by the original PMU model. The model is represented by independent current sources taking value of the measured real and imaginary current. To further consider measurement errors such that KCL is always satisfied, we attach additional current sources , to represent the noise term such that: 
s.t. Current balance (KCL equations) at buses
With its and measurements, the PMU model has an intrinsic linear circuit form. While this linearity cannot be well modeled under PQV formulation, the ECF-based method solves the KCL circuit equations based on these I-V state variables directly. This allows us to take advantage of its desirable linear property using the aforementioned model to produce a linear state estimator.
Meanwhile, voltage and current errors are captured separately so that the accuracy of different meters by different PMU devices can be reflected by flexibly adjusting the corresponding weights in the objective function.
2) Remote terminal unit (RTU):
In practice, an RTU can provide measurements of voltage magnitude | | , power injection and at a measured bus. Despite no direct and phasor measurements, these observations can be mapped into linear circuit formulation [10] [15] using the following relationship between bus voltages and injection currents:
and a linear RTU model can be developed accordingly, with resister and controlled current source parameters G and B.
Similar to the PMU model, we add an additional current source , to capture the mismatch and represent the bus errors: This creates a linear model from the measured information. B. Problem formulation: a convex problem with topologybased constraints to shrink feasible set Next, we present mathematical formulations of the ECF-based and traditional SE problems to clearly compare them. Figure 4 . Bus #2 is a ZI bus. Suppose we obtain PMU measurements on bus 1, 4 and RTU measurements on bus 5.
1) Traditional WLS-based method For a traditional SE approach, measurements are modeled by:
To estimate state variables X, the traditional approach is to minimize a weighted least square of the measurement errors: min ∑ ( − ( )) 2 (11) where (X) is determined by Kirchoff's law and line admittances in terms of power mismatch equations, and is nonlinear for some i. This minimization has no closed form solution and is solved iteratively.
With the use of polar coordinates for this traditional SE formulation, the measured phasor angle is generally expressed with the tan −1 () function, thus adding to any convergence difficulty.
2) ECF-based method Using the linear component models proposed in Section III-A, we similarly to optimize to find the that results in minimized error while satisfying the power system balance: At each measurement bus, the error terms , can be expressed linearly with . Looking at the non-measured bus (bus #3), its slack variable , is purely determined by the value of state variables to make equations (18)(19) hold, thereby making no contribution to constraining and estimating . Thus, we can safely remove constraints of non-measured buses and replace , with its linear function of . Then the problem is translated to the following equivalent form: = 0 (21) This formulation provides a clear layout for comparison between the traditional and ECF formulation. While the traditional SE minimizes a weighted least square error over the entire vector space, the ECF-based method is mathematically equivalent to a traditional WLS method plus some additional constraints. These constraints are independent of measurement data and are accurate system topology information that reflects the network balance on the ZI buses and any unmeasured buses with forecasted pseudo-measurements. Mathematically, the additional constraints imposed on the WLS problem shrinks the feasible space to a smaller proper region that contains an optimal solution satisfying network balance. As the system grows larger with more ZI buses and pseudo-measured buses, the ECF-based method imposes an increased number of constraints to effectively localize the feasible space to an accurate region. Consequently, the solution ends up being more physically meaningful.
Most importantly, owing to the linear models for each measurement device, the objective function above can be safely converted to a quadratic form + + with positive semi-definite. Along with linear constraints, the ECF-based SE is provably a convex problem, or more specifically, a quadratic programming (QP) that always converges to a global optima of the loss function. In contrast, the traditional SE formulation results in a nonlinear nonconvex problem to solve, and it fails to guarantee a solution with minimized error.
C. A probabilistic view: better than MLE
Next, we compare the traditional SE method and the ECPbased approach from a probabilistic view, assuming the measurement errors satisfy independent Gaussian distribution ~ ( , ). If we converge to the global optima of the defined non-convex optimization in first place, solution of the traditional WLS method is a maximum likelihood estimate (MLE), with its Lagrangian function equal to a log-likelihood:
Mathematically, MLE finds the model that is most likely to generate the data. This intrinsic property of MLE makes the traditional WLS method (a classical MLE) purely measurement-dependent: it will always make estimations purely based on measurements.
In contrast, from the Lagrangian function of the ECF-based method (still using example in Figure 4 ):
This ECF-based formulation maximizes a log likelihood plus a topology-based term. This additional term serves to include some accurate prior knowledge into the estimate, which is conceptually similar to a Bayesian treatment.
In general, in the non-Gaussian case, the topology-based terms in the objective in (23) may be viewed as a regularized M-estimator [2] that promotes physically relevant solutions (estimates). Thus, compared with the traditional one, the ECF-based method turns out to consider more physics and avoid extreme conclusions like those in (non-regularized) MLE.
Importantly, this viewpoint suggests a potential advantage for large-scale systems. As system grows larger, the increased incorporation of accurate real-world system physics will make more contributions to resulting in physically meaningful solutions.
IV. EXPERIMENTS
In this section we conduct experiments to compare the traditional SE method on pandapower v2.0.1 with the ECFbased method coded in python3. We run the experiment on two networks with 30 and 57 nodes, respectively. To emulate measurement data, we add Gaussian noise to the power flow simulation results. Only RTU models were used for these experiments as pandapower does not support PMU models. In traditional approach, we create pseudo-measurements of zero P and Q injections for all zero injection (ZI) buses and weigh these measurements heavily. All the system information along with measurement can be accessed on the public repository at [14] . In order to evaluate the performances of the two methods we consider following standard metrics: Results in Table 3 demonstrate that our ECF-based method better minimizes residuals and reaches more accurate estimates. Specifically, the lower validates that our physics-based estimator has lower true residual; i.e., a solution closer to truth. 
V. CONCLUSION
This paper presents a comprehensive comparison between traditional State Estimation and an ECF-based approach. The results show that the ECF-based method is:
• Linear to solve by applying circuit formulation and exploiting linear circuit models. Owing to the linear models, the SE problem reduces to a Quadratic Programming (QP) with linear constraints. This is a powerful advantage in improving convergence, compared with the traditional nonlinear model that suffers from local optima and saddle points. • More physically meaningful by equivalently imposing additional topology-based constraints on the WLS problem. These constraints provide a structurebased regularization effect by shrinking the feasible space to promote convergence to an optimal solution that not only tends to minimize the weighted squared error but also satisfy network balance. • Applying prior knowledge into the estimate. This probabilistic viewpoint validates that the ECF-based method promotes more physically relevant solutions than the MLE that is dependent solely on measurements and likely to give extreme nonphysical solutions.
